Introduction
The original meaning of the term resilience -firstly introduced in ecology -refers to the largest pressure that a system can cope with without changing its internal structure and losing its functioning capacity (Holling, 1973 (Holling, , 1996 . Afterwards, the concept of resilience has spread also into other fields, such as engineering and social sciences, acquiring different definitions (Angeler & Allen, 2016; Berbés-Blázquez, Mitchell, Burch, & Wandel, 2017; Brand & Jax, 2007; Folke, 2006; Quinlan, Berbés-Blázquez, Haider, & Peterson, 2016) . In the climate change context, a general definition of resilience is summarized by IPCC (IPCC, 2014) as "the capacity of social, economic, and environmental systems to cope with a hazardous event or trend or disturbance, responding or reorganizing in ways that maintain their essential function, identity, and structure, while also maintaining the capacity for adaptation, learning, and transformation".
Climate extremes, such as heat waves, droughts, exceptional rainfalls, frosts or hailstorms, and related unfavorable events, such as floods, fires, pest diseases or socio-economic crisis, are all hazardous events that can affect the agricultural crop production, causing partial or total failure of the annual yield. Crops are indeed able to resist and recover from many unfavorable weather events and other environmental stresses that characterize the local climate regimes. Crop production resilience can be enhanced by adaptation i.e. farm management practices that targets the most common stressors in each region by selecting resistant crop varieties, fine-tuning of crop calendars, proper management of soil, water, nutrients and pesticides, also through biodiversity-based solutions.
However, externally forced shocks of the crop production systems such as late spring frost (Barranco, Ruiz, & Gómez-del Campo, 2005; Eccel, Rea, Caffarra, & Crisci, 2009; Sweeney, Steigerwald, Davenport, & Eakin, 2013) , heat stress and drought at flowering (Barnabàs, Jäger, & Fehér, 2007; Descamps, Quinet, Baijot, & Jacquemart, 2018) , total failure of irrigation systems (Zampieri et al., 2018) , spread of alien pests and pathogens (Lamichhane et al., 2015) , heavy precipitation or flooding that impede crop and seed development or harvesting activities (Lesk, Rowhani, & Ramankutty, 2016; Shaw, Meyer, McNeill, & Tyerman, 2013) can result in quite large production losses.
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Moreover, today's agriculture has been adapted to a range of conditions characterizing local climate regimes that are changing because of global warming (Iizumi & Ramankutty, 2016; Lobell, Schlenker, & Costa-Roberts, 2011; Ray, Gerber, Macdonald, & West, 2015; Zampieri, Ceglar, Dentener, & Toreti, 2017) . Heat waves and droughts are becoming more common because of climate change (Gourdji, Sibley, & Lobell, 2013; Tebaldi & Lobell, 2018; Zampieri et al., 2016) , as well as heavy precipitation events (Scoccimarro, Gualdi, Bellucci, Zampieri, & Navarra, 2013; Toreti et al., 2013) . Therefore, in order to satisfy the increasing demand for food under the current trends of climate change (Foley et al., 2011) , agricultural systems are likely to become less resilient if they don't adapt to changes in average conditions and to larger inter-annual fluctuations and increasing extreme conditions (Carr et al., 2016; Esper et al., 2017; Puma, Bose, Chon, & Cook, 2015) .
This motivates the need for a proper characterization of resilience of agricultural production and food supply systems (Barrett, 2010; Suweis, Carr, Maritan, Rinaldo, & D'Odorico, 2015) . Agricultural resilience and sustainability are often assessed together through holistic frameworks accounting for socio-economic, biophysical robustness and production diversity indicators (Seekell et al., 2017) . Extensive literature reviews identified 30 relevant agro-ecosystem based sustainability indicators for climate resilient agriculture (Srinivasa Rao et al., 2018) and 15 different tools to assess resilience (Douxchamps, Debevec, Giordano, & Barron, 2017) . In particular, FAO developed a complex framework accounting for a larger number of indicators (Russo & D'Errico, 2016) . The EU proposed a more general conceptual framework defining the different aspects of resilience across agriculture and other sectors (Navracsics et al., 2015) .
The aim of the present study is to contribute to the existing resilience assessment frameworks improving the understanding and the measurement of the component of resilience related to annual crop production.
Previous resilience analyses involved food availability indicators based on the mean and the inter-annual variability of crop production (Gil, Cohn, Duncan, Newton, & Vermeulen, 2017; Kahiluoto et al., 2019; Khumairoh, Lantinga, Schulte, Suprayogo, & Groot, 2018; Srinivasa Rao et al., 2018; Zimmerer & De Haan, 2017) .
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Here, applying the original ecological definition of resilience (Holling, 1973) to crop production systems, we can define the crop resilience indicator (Rc). We discuss the general properties of Rc using numerical simulations conducted with a conceptual crop model accounting for different levels of adaptation and management, for the effects of climate change, and for simple socio-economical consequences of the crop production losses as well. Finally, we discuss the limitations of the proposed indicator and its applicability to the production time-series recorded on larger and/or diversified spatial aggregations characterizing the real agricultural systems.
Material and Methods

Definition of the crop resilience indicator
We consider an idealized agricultural production system composed of a single annual crop. This crop is grown on a generic spatial unit that is small enough to respond homogeneously to the pressures exerted by weather and climatic events, which constitute the external forcing of the production system. We also assume that the crop production response to the forcing is stationary (i.e. time-independent) and that the system bears no memory of the previous year conditions and that the effect on production have no repercussion on the following year i.e. the production time-series are independent and identically distributed.
Since the larger departures from the optimal climatic conditions for the crop growth are more rare, we measure the severity of the annual forcing through the return periods (T*) of the climate anomalies, expressed in years. Using the return period allows accounting for shocks coming from different origin, such as different types of climate anomalies and other adverse events for the crop. It is not related to the concept of restoring time to the equilibrium conditions after a shock that is adopted by the engineering definition of resilience (Holling, 1996) (which cannot be applied on annual crop production data).
Following the ecological definition of resilience (Re) as "the largest disturbance that a system can absorb before it loses its normal functioning" (Holling, 1973) , we define the resilience of the crop production system as the largest departure from the optimal conditions that the crop production system can sustain without losing its capacity to produce the annual yield, measured by the return period (T*):
where T*MAX is the return period of the maximum forcing that the crop can tolerate before losing completely the ability to produce the yield. In a stationary framework, T*MAX is equivalent to the inverse probability of crop failure (F), leading to total production loss:
(2) T*MAX = 1 / F. Now, we consider the special case of annual crop production time-series where the production values recorded at year j (pj) are either the potential (pj = P) or zero (pj = 0). This is equivalent to an idealized crop production system that is optimally adapted to the local climate regime (like, for instance, intensively managed systems with fully irrigated, fertilized and protected crops), optimized to be unaffected by moderate environmental stresses (T* < T*MAX), but still sensitive to extreme events exceeding a certain threshold (T* > T*MAX). We note that at large aggregated spatial scales (i.e. country or regional scales), total yield losses are very rarely observed, but they can occur more frequently at the field scale and for small spatial aggregations.
The mean and the variance of such time-series are, respectively:
For this particular crop production system, it is possible to derive an indicator that is mathematically consistent with the ecological definition of resilience: combining equation and 3 and 4, equation 5 eliminates P and related the annual production mean and variance to total production loss probability:
For F << 1, the following approximation holds:
Finally, using equation 1 and 2, we obtain the indicator for crop resilience (Rc):
Rc increases with the mean annual production and decreases with its variance, which is in agreement with the common understanding of resilience and in line both with the farmer goals and with the expectations of the sectors of economy and society that come after the agricultural production in the food cycle.
Design of numerical experiments
We perform numerical experiments with a more realistic -albeit still idealized -crop model consisting of different crop production damage functions that characterize the production effects response to a randomly generated annual external forcing:
where Di is the damage function, which depends on the return period of the external forcing occurring on year j (T*j), the return period of the maximum forcing that the crop system can cope with without losing completely the yield (T*MAX), and the adaptation level (i).
This conceptual model allows computing the RC indicator for cropping systems varying the frequencies of extreme events causing total yield loss (T*MAX), the level of adaptation to moderate environmental stresses (i=low,mid,high), and including impacts lasting more than one cropping season as well to account for simple socio-economic effects (defined later by equation 8).
The external forcing statistical distribution is stationary, which allows producing homogeneous time-series long enough to compute Rc reliably. The sampling error of RC is computed from Monte Carlo simulations of production time-series with different length n and σ / μ ratios. Figure 1 show the prescribed statistical probability distribution function (PDF, black thick line) of the external forcing annual time-series as a function of the return periods for six examples of damage functions: two values of T*MAX and three levels of adaptation (m=low,mid,high in red,green,blue, respectively).
8 Small values of T* compared to T*MAX correspond to the normal climate regime consisting of optimal or suboptimal conditions for the crop, which is reflected in limited production losses. Higher T* characterize extreme events that are detrimental for the crop and associated with large or eventually total yield loss if T* exceeds T*MAX.
Figure 1: Probability Density Function (PDF) of the external forcing (black line, left axis) plotted as a function of the return periods (T*). The PDF is defined by a gamma function (shape = 1, scale = 2). Annual crop production damage functions (right axis) for specified total production loss return periods (T*MAX = 20 years, bold lines; T*MAX = 30 years, thin dashed lines
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The total yield loss return period (T*MAX) is used as free parameter to mimic the effects of different climatic conditions (and climate change) through the crop damage functions. The damage functions in Figure 2) the stepwise damage function (Heaviside function, blue line) that was used to derive Rc (eq. 6), representing system with a high level of adaptation and high management intensity (i=high) that are sensitive only to extreme events happening only at return periods larger or equal T*MAX and not to the more common environmental stresses;
3) an intermediate polynomial function (third power, green line), which may represent a more realistic production response to climatic variability (moderate adaptation level, i=mid).
As it is evident from Figure 1 , changing values of T*MAX affect the production losses for moderate external forcing as well.
In the next section we show the results of the crop resilience indicator computed on such production timeseries for different levels of adaptation and different T*MAX. In addition, production time-series are simulated accounting for cropping systems where the impacts of the external forcing persist longer than one season, which could actually happen in real agricultural systems because of socioeconomic reasons as, for instance, reduced investments capacity. These cases are simulated using the same damage functions described before, but summing to the loss that the external forcing would produce in each year, half of the loss that the external forcing would produce in the previous year:
Different impacts and longer timescales could be considered, but are not shown.
Results
Estimation of Crop Resilience for different climates and adaptation levels
Figure 2: Example time series of external forcing (dots, expressed as the corresponding return periods T*) and production (green lines, normalized) obtained with a polynomial damage function (corresponding to moderate adaptation level, i=mid) and total yield loss return period of 20 years. The horizontal line represents the critical threshold of the forcing that produces total yield loss in this virtual agro-climatic realization.
Figure 2 shows a randomly generated time-series of the external forcing (black dots) following the prescribed PDF (black line in Figure 1 ) and the corresponding annual crop production time-series resulting from the polynomial damage function (green line in Figure 1 ). In this example, the critical threshold of the return 11 period is set to 20 years (T*MAX = 20, horizontal line), meaning that total production loss is expected to be recorded on average every 20 years (it occurs 4 times in the random realization shown in Figure 2 ). The crop resilience computed for the production time-series plotted in Figure 2 is equal to 11.2. Figure 3 summarizes the same result computed for the different crop damage functions depicted in Figure 1 , for a wide range of return periods of total production loss (T*MAX = 10 to 100 years), and including impacts lasting longer than one season. Figure 1 , the arrows show the direction of the effects of climate change (grey) and adaption (green) on Rc. The effects of climate change and of increasing adaptation level can be thought as moving the production system along and across the lines represented in Figure 3 by the grey and green arrows, respectively. In absolute terms, resilience of crop production systems with low adaptation and poor management is comparatively less affected by changes in the frequency of extreme events with respect to the more developed systems because the production variability is largely determined by the impacts of smaller perturbations from the optimal climate conditions. Therefore, the impacts of climate change will be probably easier to detect in the more developed cropping systems. However, the relative effect is the same.
Figure 3: Crop Resilience (Rc) computed for return levels ranging from 10 to 100 years and for different damage functions: Heaviside function representing high level of adaptation (i=high, blue lines), polynomial function for moderate adaptation (i=mid, green lines), linear function for poorly managed crops (i=low, red lines). Dashed lines show the estimated Rc for cropping systems influenced by the external forcing occurred previous year (high', mid', low', see text for explanation). As in
Accuracy of crop resilience estimation
Crop production resilience is difficult to estimate from limited duration time series. The relative error of Rc depends on the number of observations and on the particular distribution of climate impacts i.e. on the Rc itself. Table 1 shows the relative Rc error (σRc / Rc) computed from Monte Carlo simulations i.e. computing Rc on a large number of random production time-series realizations with different lengths n and different σ / μ ratios, assuming Gaussian distribution of the crop production anomalies around the mean. The accuracy of Rc estimation (Table 1) highly depends on the uncertainty related to the estimation of the standard deviation, which appears at the denominator in equation (6). Therefore, it is of primary importance to account for the uncertainties associated with Rc computed from production time-series of limited duration, to derive meaningful information from real data. From Table 1 , we also note that it is more difficult to estimate crop resilience for low resilience systems, but this is relatively less important compared to the dependency of the accuracy on the data availability, which is the more important limiting factor for accurate estimation of crop resilience.
Crop diversity and resilience of crop production systems.
In the previous sections, we have considered a homogeneous cropping system, exposed to stationary external forcing. In real-world conditions, however, crop production data is usually provided for larger inhomogeneous spatial units and/or for production systems characterized by different crops and crop varieties. We account for this issue by considering two types of situations, where crop responses to different climatic conditions are correlated, anti-correlated or uncorrelated.
14 The properties of Rc computed for the sum of crop productions under such conditions can be understood by induction considering two crop (k=1,2) and using the following statistical relationships linking the sum of two variables:
(9a) pj,TOT = pj,k=1 + pj,k=2
and then generalizing for an arbitrary number of crops. The production time-series that are integrated may be related to different crops or different crop varieties, but also to the same crop under different climatic regimes and/or adaptation levels.
For simplicity, we consider an aggregated spatial unit composed of two homogeneous areas with two crops that are statistically equivalent to each other i.e. they are characterized by the same production mean and variance. The RC indicator computed for the sum of these two production time-series is characterized by the following particular cases depending of the cross-correlation of the production time-series:
-if the crop production responses to a climate signal are perfectly correlated, the sum of the production is equal to twice one of the two; therefore, the mean and the standard deviation of the sum of the productions are doubled w.r.t. those of the individual production time-series; consequently, Rc does not change w.r.t the Rc computed on the individual production time-series (RC,TOT = RC,k).
-If the crop productions are perfectly anti-correlated, then the negative fluctuations of one spatial unit of crop production are fully balanced by positive fluctuations of the other crop spatial unit, so that the resulting standard deviation of the summed production is zero and Rc is infinity: the crop production system has become perfectly resilient (RC,TOT = inf).
-If the crop productions are not correlated, then mean and the variance of the sum are doubled w.r.t those of the individual production time-series (see equation 9c), so that Rc of the total production will double as well ( RC,TOT = 2 · RC,k).
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In an agricultural system composed of an arbitrary number of equivalent crops (k = 1, 2 … N), i.e. characterized by the same production mean and variance, but uncorrelated in time, the crop resilience indicator for the total production is equal to the crop resilience indicator of the individual crops multiplied by the number of crops ( RC,TOT = N · RC,k) . This can be defined as the diversity theorem of the crop resilience indicator, following as a natural consequence of the definition given in equation (6).
For unequal production levels, crops contribute proportionally to the overall crop system resilience. The same happens if the production time-series are partially cross-correlated.
The same general reasoning holds in case the aggregation of the time-series is performed on the nutritional annual production values (e.g. energy or protein content) or on the economic values of the annual production of the different crops.
Discussion.
This paper addresses the issue of measuring crop production resilience from annual production time-series.
The proposed framework considers the probability of occurrence of adverse events hitting crop production.
For an idealized crop production system composed of a single crop, with no rotation, grown on a spatial unit responding homogeneously to external forcings, the crop resilience indicator (Rc), defined as the ratio between the squared mean and the variance of production time-series (Rc ≡ μ 2 / σ 2 ), can be derived directly from the ecological definition of resilience (Holling, 1973) .
The mathematical derivation of the crop resilience indicator is a main achievement of this study. Numerical simulations show that Rc is in good approximation proportional to the return period of extreme events leading to total yield loss expressed in years (T*MAX). Climate change can be interpreted as the increase of frequency of such extreme events i.e. decreasing T*MAX, so the same proportional decrease is expected for crop production resilience.
We have found that the coefficient of proportionality between Rc and T*MAX is closely linked to the level of adaptation and management of the particular cropping system under evaluation (see Figure 3) . In case of well adapted and highly managed production systems, which can cope with minor departures from the optimal conditions but are still sensitive to rarely occurring extreme events producing total yield loss, RC is exactly equal the total yield loss return period expressed in years (Rc = T*MAX).
Rc decreases in less developed agricultural systems, because they are also influenced by more moderate deviations from the optimal climate and environmental conditions. Rc is also lower in case of production impacts lasting longer than one season, which could happen in reality because of socioeconomic reasons (e.g. lack of financial resources to buy seeds for next year), for instance. For the less resilient crop production systems considered in our analysis, we found that the Rc is about ½ · T*MAX. For real-world systems, the proportionality factor is probably between ½ and 1. In absolute terms, this means that climate change can affect more strongly the resilience of crop production systems under intensive management (because of the larger proportionality factor) with respect to the less-developed systems. We noted, however, that this ignores the fact that even small declines in the crop resilience of poorly or unmanaged crop production systems can result in harmful socio-economic effects on the farming system (Adger, 2006) . According to the proposed framework, improving agro-management and adaptation increases the proportionality ratio between Rc and T*MAX, potentially compensating the detrimental effects of climate change on crop production resilience of poorly developed cropping systems.
The computation of Rc is relatively straightforward but also has limitations connected to the sample size (i.e.
the length of the available production time-series to computed the index). For a resilient crop production system (i.e. σ / μ < 30%) with at least 30 years of production data, the uncertainty of the estimation (σRc / Rc) is less than 30%. Larger sampling errors are associated to shorter time-series (see Table 1 ).
Several studies highlighted the importance of crop diversification to enhance production resilience (Davis, Hill, Chase, Johanns, & Liebman, 2012; Gil et al., 2017; Isaacs, Snapp, Chung, & Waldman, 2016; Martin & Magne, 2015; Meldrum et al., 2018; Prober & Smith, 2009 ). Consistently, the crop resilience indicator computed for spatially aggregated or diversified crop production systems characterized by uncorrelated or anti-correlated climate impacts is generally much larger than for homogeneous systems. In case of multiple crops with uncorrelated production time-series, total crop resilience scales proportionally to the number of equivalent crops (diversity theorem of the crop resilience indicator). This result strongly suggests that crop diversification, together with a consistent change of diet (Dwivedi et al., 2017) , is indeed a viable strategy to limit the negative effects of increasing climate variability in the context of global warming.
When considering multiple cropping systems, it is also important to distinguish between the level of adaptation and the intensity of the agro-management. The first system can react to climate change by growing suitable and diversified crops and conserving biodiversity, the latter by increasing irrigation, fertilisation and pesticide inputs, which is clearly less sustainable (Zampieri et al., 2018) .
This study provides the theoretical framework for several follow-up analyses addressing quantitative aspects of resilience and sustainability of real crop production systems using models and observed data for different world regions and at the global scale in the context of climate change.
